An approximate self-consistent field for methane has been obtained by first averaging the proton distribution over all orientations so as to obtain a spherically symmetrical field due to all the nuclei. The eight-electron problem then presented was solved by the usual self-consistent field method without exchange. Rapid convergence to self-consistency was found by using as initial approximations the charge distributions given by Coulson for the two-quantum orbitals of the tetrahedral system, averaged over all orientations.
The principles underlying the self-consistent field method are frequently employed in discussing molecular and nuclear problems, but the detailed numerical applications have largely been confined to atoms. This is because of the difficulty of solving the wave equation for individual electrons when the effective potential energy concerned is not spherically symmetrical, a lifficulty present even for atoms when the occupied orbitals are not all of s type. The energy of a particular electron, due to its coulomb interaction with an electron in a p , d ,f,... or other orbital with l ^ 0, is not a function jnly of the distance of the electron from the nucleus, so it is necessary to average the interaction energy over all orientations of the axis of quantiza tion before inclusion in the particular wave equation. This process is not effective for molecules because of the lack of spherical symmetry in the dis-
T h e s e l f -c o n sist e n t w a v e f u n c t io n s
In the methane molecule the four protons are at a distance 2 from the carbon nucleus. We average this distribution over all orientations; so the potential energy of an electron at distance r from the carbon nucleus, due to all nuclei, is taken as K = -2 -6 / r , 2,1
= -10/r, 2.1
The ground state of this system will be a (Is)2 (2s)2 (2p)6 term. The corresponding wave functions rP (ls | r), rP(2s | r), rP(2p, r) will satisfy the usual self-consistent equations: 
P"(l8 \r) + 2[els -V n-{ Z p(ls) + 2Zp(2s)
r~x Zp(a/3) is the averaged potential at r due to an electron in the a/? orbital and it satisfies = r ) ,
with Zip{0) = 0, Zp(co) = 1.
To solve these equations conveniently it is necessary to start with a good first approximation. It is not possible to obtain much help from atomic field calculations, as
Vn is a type of nuclear field which does not occur in such cases. Instead, use was made of an investigation of the methane molecule from the standpoint, of molecular orbitals, due to Coulson (1937) with \lr(2ty), fjr{2tz) following in cyclic order, the suffixes 1, 2, 3, 4 distinguish ing the different hydrogen atoms. These satisfy the symmetry requirements given by van Vleck and Sherman and /ts/As, ptjXt may be determined by a variation method. This was done by Coulson using simplified forms for xjr{C; 2s), ^(C; 2 p )i nvolving an effective nuclear charge Zc. A value Zc = 1*72 was found to give the correct energy and for it A -8-22, A t/pt = 1-70. To estimate the functions Zp for substitution in (2), we then chose in (3) P 2(2s) = r2| i/r(2sa) | 2, P 2(2p) = \ ir(2tx) |2,) (5) P 2(ls) = r2| ^(C; Is) |2, I
where the averaging is over all orientations of the hydrogen nuclei. V^(C; Is), i f r (C ; 2s), ^(C; 2 p )were taken as the self-consist the carbon atom given by Torrance (1934) and A X(/fi( as given above.
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This procedure was very effective in securing rapid convergence to selfconsistency. Thus the P(2p) function resulting from integration of (2) with the Zp values given from (5) was found to be already self-consistent to the desired accuracy. The Zp values which it gave on substitution in (3) differed from the initial values by no more than 0*002 at any point. The P(2s) function, given by the first integration of (2), was not quite so satisfactory, but one further approximation sufficed to give it to the same accuracy as P{2p). One approximation was sufficient for P(l.s) which does not differ very much from P(C; Is).
The final functions obtained, together with the corresponding e and Zp values, are given in table 1.
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The radial charge distribution for two-quantum electrons in the molecule is given by \ P \ 2s) + l P \ 2p). This is illustrated in figure 1, which also includes the corresponding distribution for carbon atoms, obtained from the functions given by Torrance (1934). The effect of the surface distribution of positive charge at r = 2a0 is apparent in producing an outward shift of electron density. From the evidence derived from diamagnetic susceptibility, polarizability and electron scattering, discussed below, it is probable that this shift should be less marked, at least in the region beyond the maximum.
The energy of the system may be calculated from the wave functions by the method described by Hartree and Black (1933). We employ the same notation as in their paper and fist the various contributions to the energy in table 2*. In calculating these contributions rigorously the 2s wave function * The quantities I, F, G are defined by where ra and rb are respectively the smaller and larger of r and rv V" is the potential energy due to the nuclei above.
Charge d is t r ib u t io n !P2(C;2s) + !P2(C;2p),
E n e r g y of th e m olecule
1(<x) =
Fk(a/3) = = T a b l e 1. S e l f -c o n s is t e n t w a v e f u n c t io n s a n d Z p v a l u e s should first be made orthogonal to the Is function, but the correction due to this is so small that we have ignored it.
T a b l e 2. Co n t r ib u t io n s to total e n e r g y of m e t h a n e a n d C + 4H C H 4 C + 4 H T e r m V a lu e C o e ffic ie n t V a lu e C o e ffic ie n t 
I (Is)
-
E (H )
T o t a l e n e r g y -4 0 -3 7 5 --3 9 -6 8 -
To examine whether our model is capable of giving a positive binding energy we have also evaluated the energy of the system C + 4H from the self-consistent functions given for carbon by Torrance (1934). The separate contributions are also given in table 2. Comparing the calculated energy of CH4 with that for C + 4H shows that our model gives a binding energy of 0-70 atomic units, i.e. 19eV, to be compared with the observed value 20 eV. The exact value is difficult to calculate, as it appears as a small difference between two large quantities. Further, in evaluating the contribu tions 7, the values given for the molecule and for the carbon atom are not exactly comparable; those for CH4 include a correction for the wave func tions not being exactly self-consistent which we could not easily determine for C without further information than that given in Torrance's paper (1934). Too much significance should not, therefore, be attached to the closeness of numerical agreement between the calculated and observed binding energies. It does, however, indicate that the method we have used is a very useful one and that the calculated charge distribution, which is much less sensitive than the binding energy to the detailed form of the wave functions, is reasonably near the truth. Further, it suggests that the wave functions given in table 1 could profitably be employed as first approximations in a more elaborate attempt to evaluate the binding energy. We hope, if cir cumstances permit, to carry out such an investigation together with an attempt to determine the carbon-hydrogen nuclear separation a priori by calculating the energy for different values of this distance.
D ia m a g n e t ic s u s c e p t ib il it y
The molecular susceptibility for a spherically symmetrical system is given in electromagnetic units by ( 
T a b l e 3. I n t e g r a l s o ccu r r in g in t h e e v a l u a t io n of DIAMAGNETIC SUSCEPTIBILITY AND POLARIZABILITY
A self-consistent field for methane and its applications 125 We find X = ~ 33-2 x 10~6e.m.u. The observed value for methane (Bitter 1929) is -12*2 x 10_6e.m.u., which is very considerably smaller. The dis crepancy is in the same sense as, though somewhat greater than, that which occurs for atoms. Part of it is undoubtedly due to the fact that for molecules, which do not possess exact spherical symmetry, a negative term must be included on the right-hand side of (6) (van Vleck 1932), but it is unlikely that this is very large for methane. Allowing for this it is probable that the calculated value is between 2 and 2 | times too large. For atomic fields, calculated without inclusion of exchange, the discrepancy is not usually as large as a factor of 2, so some additional error can be traced to the approximation of averaging the proton distribution. On the other hand, it is probable that the introduction of exchange by the Fock method would greatly improve matters, as for atoms. There is little doubt that the calcu lated electron distribution is not sufficiently concentrated, the protons claiming less of the electron charge cloud than figure 1 indicates. Further evidence in the same sense is afforded by a study of the polarizability.
P o la r iz a b il it y
The theory of the polarization of atomic systems in a uniform electric field is not on such certain foundations as that of atomic susceptibility. Con clusions derived from comparison between observed and calculated polariza bilities are therefore not so well founded. 
The integrals involved in (7) are given in table 2. Using them we find a = 7*60 x 10-24cm.3.
In comparing this with observed values we must remember that the measured dielectric constant includes 'atomic ' as well as electronic polariza tion, whereas (7) refers only to the latter. On the other hand, the extra polated value of n% -1, where is the refractive index for infinite wav length, does not include atomic polarization. The value of n% -1 for methane given by C. and M. Cuthbertson (1914) is 8-6 x 10~4, while the dielectric constant as measured by Sanger (1926) is greater than unity by 9-6 x 10~4. These give respective values of 2*5 and 2-8 x 10~24cm.3 for a. Taking the lower of these as representing true electronic polarization, we see that the calculated value is three times too large. Although this is a considerable discrepancy, it is not much greater than those met with in comparing theo retical and observed polarizabilities for atoms. Thus for argon the corre sponding approximation to (7), using self-consistent wave functions without exchange, gives rather more than twice the observed result. It is of interest to note, however, that the sense of the discrepancy indicates that the calculated electron distribution is too diffuse, in agreement with evidence from diamagnetic susceptibility. How much of this is due to inaccuracy of the theory of polarizability, to the approximation of averaging the proton distribution and to inaccurate experimental information will require further investigation. (
VAN DER WAALS FORCES BETWEEN METHANE MOLECULES
The constant C in the asymptotic form -C/r6 of the interaction energy between two spherically symmetrical systems at distance r apart may be related approximately to the polarizabilities by the formula (Buckingham J937) n 3 eh I a3w\* where n is the number of electrons contributing appreciably to the polariza bility (in our case these are the six 2 pe lectrons which c of a).
Substituting the theoretical value for a, we find
C -6-4 x 10~58ergcm.6.
The only available value of this constant derived largely from experimental material may be obtained from a 
This value is likely to be an overestimate, as it includes contributions from higher inverse power interactions which, though present in fact, have not been explicitly included in (10).
Comparison with (9) shows that the theory gives results at least three times too large. This would be expected from the comparison of observed and calculated polarizabilities, as the van der Waals constant is roughly proportional to the fth power of the polarizability. It is of interest to note that the value of C derived by Margenau (1939) by insertion of the observed value of the polarizability in the formula
where v is the predominant absorption frequency, is 1-12 x 10~58 erg cm.6, only half the 'observed' value (11).
T h e sc a t t e r in g of slow e l e c t r o n s b y m e t h a n e
The variation of the effective collision area of methane molecules with electron energy for slow electrons has been measured by several authors , and do not find agreement with experiment for electrons with energies below 10 eV. From our point of view, however, the interesting thing is that their results for argon are very similar to those which we derive below using our self-consistent field for methane (also without exchange), provided the electron energy is less than 25 eV. For higher energies we find behaviour similar to that of a lighter atom than argon. This is just what is observed and it appears that a theory which treats both argon and methane on the same basis reveals the similarities and contrasts which do exist. At the same time it strongly suggests that our self-consistent field for methane is not more markedly in error than the corresponding field for argon. We now consider the details of the theory of the scattering which provide the basis of the above remarks.
The intensity of elastic scattering of electrons of wave number k into the solid angle do) about the direction 0 is given by where the phases St are such that the asymptotic form of the solution of the equation for electrons of angular momentum 4-1) in the methane field, viz. 
The total collision area for elastic collisions is given by Q = ^£(21 + 1) sin2 (14)
Using the
Zp values given in table 1, the phases necessary for the evalua tion of 1(0) and Q were calculated for a range of electron energies. $0 and were evaluated by direct numerical integration of (13) T a b l e 4. P h a s e s c o n c e r n e d in c a l c u l a t io n of e l e c t r o n sc a t t (tt+ 3 -46) Sl -7T
-0 -9 9 2 -1-100
(zr -0-8 8 7 )
(tt-1-224) ka0 t o e n e r g y , 13-54 = e n e r g y i n e le c t r o n -v o l ts I t will be seen th at, for k a 0 less than 1-5 (electron energ the #0, and S2 phases for argon and m ethane are very nearly the same ex for integral multiples of tt. As the addition of an integral mu phase has no effect on the scattering, and as the £0, 8X , phases are by far the most im portant for ka0 < 1*5, it follows th a t the calculated cros angular distributions for electrons of energy less th an 30 eV will be very similar. The significance of the extra multiple of n appearing for argon is th a t the field a t distances close to the origin is so much larger th an for m ethane th a t an additional node is introduced in the wave functions for 0 and 1=1. The heavier rare gases, krypton and xenon, have inner fields which are in turn stronger than for argon, and the #0, S2 phases calculated for these atoms and slow electrons differ mainly from those for argon in in cluding extra multiples of tt. The result is th a t for the series m ethane, argon, krypton, xenon the shape of the angular distribution and cross-section velocity curves for slow electrons are very similar, and m ethane plays the role which might have been supposed filled by neon. As the $0, phases for neon do not differ from those for argon merely by a multiple of n, it does not fit into the sequence.
For ka0 1-5 it is clear from table 4 that substantial differences begin to appear between the methane and argon phases. In particular S2 rises to a much higher value for argon and produces angular distributions typical of (P 2(cos0)}2 (Bullard and Massey 1931; Mott and Massey 1933a). For methane d2 is never sufficiently large to dominate the angular distributions which are more of the (P x (cos 6)}2 type even for ka0 -2 (see figure 3) .
Using the phases given in table 4, the cross-sections Q and angular distri bution functions 1(6) may be calculated. The number of terms is sufficient except for ka0 -2, where the influence of S6 and S7 on 1(6) is appreciable and was estimated by extrapolation.
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agreement by adding the polarization term which increases the distant field. I t is by no means certain th a t the same result may not have been achieved by inclusion of exchange effects, both in modifying the self-consistent field In this way only a single adjustment has been made bringing theory and observation into agreement at a fixed angle and electron energy. In view of this it is clear that there is quite good agreement between theory and observation for the higher energies, but the two begin to differ markedly at the lowest energy illustrated. This is to be expected from the comparison of total cross-sections and lends additional weight to the conclusions derived above.
Summarizing, it appears that the study of scattering phenomena indicates that our self-consistent field for methane is not much less satisfactory than the corresponding one for argon. In fact, the agreement with the observed angular distributions at the higher energies and the theoretical reproduction of the similarity in behaviour of argon and methane towards slow electrons encourages the belief that no very serious error has been introduced by averaging the proton distribution.
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Co n c l u d in g r e m a r k s a n d d is c u s s io n
We have applied our methane field to the investigation of a variety of properties of that molecule, and from only one of these, the diamagnetic susceptibility, is there any evidence that the method is less satisfactory than for atoms. It appears to be in error in the same sense-the calculated electron distribution is too diffuse. This would be improved by the introduction of exchange as in the Fock method for atoms, and the considerable success attained already in the calculation of the energy and of scattering phe nomena (including the relation to argon) suggests th a t such extension would be worth while. The application of the method to other molecules possessing tetrahedral or octahedral symmetry is also likely to lead to results of interest.
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